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We investigate the behavior of the spectral degree of coherence of fluctuating scalar wave fields generated by
statistically homogeneous and isotropic sources within absorbing media. In the limit of negligible losses, the
degree of coherence is shown to be of a known universal form �sinc function�, whereas in the limit of infinite
losses it is shown to asymptotically approach the degree of coherence of the source. The intermediate cases are
studied for fields produced by sources with Gaussian and sinc-type coherence functions. These studies show
that the concept of negligible losses is meaningful only when defined with respect to specific source distribu-
tion statistics, and that even for arbitrarily small nonzero losses, the coherence length of the field can be
arbitrarily short.
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I. INTRODUCTION

The relationship between the correlation properties of
wave fields and the correlation properties of volume sources
that generate the fields has been extensively studied �1–5�.
Particular attention has been devoted to the so-called spectral
degree of coherence �6� of these fields. It has been found that
in statistically homogeneous and isotropic systems, the de-
gree of coherence has a universal limiting form when the
losses become negligible �2,4,5�. The studies have mainly
concerned scalar fields �7�, which can also describe nonopti-
cal wave phenomena �see, for example, Ref. �8��, but re-
cently the theory has been extended to encompass the full
vectorial treatment of electromagnetic fields �5�, confirming
a universal behavior in that case as well.

The purpose of the present paper is to understand how the
degree of coherence of the scalar fields behaves in statisti-
cally homogeneous and isotropic systems, in which the
losses are not necessarily negligible. This includes an analy-
sis of how the universal character emerges when the losses
become vanishingly small as well as a study of systems
where the losses become infinitely large. These consider-
ations show that, as long as the system is even negligibly
lossy, the coherence length of the field can be arbitrarily
short. This is in contrast with the common perception that the
coherence length of a field in an essentially lossless statisti-
cally homogeneous and isotropic system necessarily is of the
order of the wavelength of the field or longer �4�.

This paper is organized so that in Sec. II we derive an
expression for the cross-spectral density function of the sca-
lar wave field in terms of the cross-spectral density function
of the source in statistically homogeneous and isotropic lossy
systems. In Sec. III, we consider the degree of coherence in
such systems and, in particular, concentrate on its behavior in

completely lossless and extremely lossy systems. Further in-
sight into these considerations is provided in Sec. IV, where
the degree of coherence of the field is studied for two differ-
ent model sources. Finally, in Sec. V, we draw conclusions
about the degree of coherence in statistically homogeneous
and isotropic lossy systems and summarize the main results
of the paper. The appendices contain details that are needed
for a mathematically rigorous treatment, but which are not
necessary for an understanding of the results.

II. CROSS-SPECTRAL DENSITY FUNCTIONS
IN ABSORBING MEDIA

The second-order spatial coherence �correlation� proper-
ties of a statistically stationary source distribution and of the
scalar field it generates can be described by the cross-spectral
density �covariance� functions �6�

W��r1,r2,�� = ��*�r1,����r2,��� , �1�

and

WU�r1,r2,�� = �U*�r1,��U�r2,��� , �2�

where the functions ��r ,�� and U�r ,�� represent the source
and field realizations at an angular frequency �. The angle
brackets and the asterisk denote ensemble averaging and
complex conjugation, respectively, and the vectors r1 and r2
refer to two points in space.

When a homogeneous, isotropic, and linear medium oc-
cupies all space, the field realizations obey the inhomoge-
neous Helmholtz equation �9�

�2U�r,�� + �2U�r,�� = − 4���r,�� . �3�

Here �=��+ i�� is the complex wave number of the field,
defined as �=n���� /c0, where n��� is the �complex� refrac-
tive index of the medium and c0 is the speed of light in
vacuum. Hence ��=2� /�, where � is the wavelength of the
field in the medium. We have included � in the equations
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above to emphasize that they hold for a single frequency
component of a stationary polychromatic field, but to avoid
unnecessary cluttering of the formulas, we henceforth omit �
in the notation.

Using Eq. �3�, we obtain for the cross-spectral density
functions in Eqs. �1� and �2� the equation

16�2W��r1,r2� = ��1
2 + �*2���2

2 + �2�WU�r1,r2� , �4�

where the exchange of the order of differentiation and expec-
tation taking is motivated by the existence of the source co-
variance function in Eq. �1� �cf. Sec. 53 in Ref. �10��. In the
above equation, �i, with i= �1,2�, operates on the position
vector ri.

It is useful to introduce the complex degree of �spectral�
coherence, defined by �6�

�F�r1,r2� =
WF�r1,r2�

	WF�r1,r1�WF�r2,r2�
, �5�

where the subscript F= �� ,U� refers, here and henceforth,
either to the source or to the field. The degree of coherence is
restricted within the bounds �6�

0 	 
�F�r1,r2�
 	 1, �6�

with the upper and lower limits corresponding to complete
coherence and complete incoherence, respectively.

A. Statistically homogeneous source distributions

We begin by considering fields that are generated by sta-
tistically homogeneous source distributions. The correspond-
ing cross-spectral density �covariance� functions, as given by
Eqs. �1� and �2�, then depend on the position vectors r1 and
r2 only through their separation r=r1−r2. Hence, it is con-
venient to set

WF�r1,r2� = WF�r� . �7�

From the properties of covariance functions �see Sec. 51 in
Ref. �10��, or equivalently from Eqs. �5� and �6�, we obtain
the upper bound


WF�r�
 	 WF�0� . �8�

Also, the relation �7� implies that

�1WU�r1,r2� = �WU�r�, �2WU�r1,r2� = − �WU�r� ,

�9�

whereby for statistically homogeneous source distributions,
Eq. �4� becomes

��2 + �*2���2 + �2�WU�r� = 16�2W��r� . �10�

To find the solution to this fourth-order partial differential
equation, we note that �at least formally� we have the
Fourier-transform pair

WF�r� =� ŴF�k� exp�ik · r�d3k , �11�

ŴF�k� =
1

�2��3 � WF�r� exp�− ik · r�d3r . �12�

If we introduce the representation �11� into Eq. �10�, assume
that we can exchange the order of integration and differen-
tiation, and use the linear independence of the exponential
functions �uniqueness of the Fourier transform �11��, we ar-
rive at the equation

�− k2 + �*2��− k2 + �2�ŴU�k� = 16�2Ŵ��k� , �13�

where k= 
k
. For lossy systems, in which ��
0, we can set

ĝ�k� =
1


k2 − �2
2
, �14�

so that Eq. �13� can be written as

ŴU�k� = 16�2ĝ�k�Ŵ��k� . �15�

The Fourier-transform convolution theorem �11� then sug-
gests that this expression defines the solution

WU�r� =
2

�
� g�R�W��r − R�d3R

=
2�

��
� sinc���
R
�exp�− ��
R
�W��r − R�d3R

�16�

to the differential equation �10�. Here sinc�z�=sin�z� /z, and
we have used the relation

g�r� =� ĝ�k� exp�ik · r�d3k =
�2

��
sinc���r� exp�− ��r� ,

�17�

where r= 
r
 and the last expression is verified in Appendix
A.

Strictly speaking, Eq. �16� only represents a formal solu-
tion to the differential equation �10�. However, as is shown in
Appendix B, when the cross-spectral density function W� is
absolutely integrable and continuous, and when W��0���,
this expression provides the actual solution. It is reasonable
to assume that all cross-spectral density functions encoun-
tered in physical systems are of this kind, so henceforth we
will only consider such cross-spectral density functions W�.

B. Statistically homogeneous and isotropic source
distributions

For a statistically homogeneous source that is also isotro-
pic, viz.

W��r� = W��
r
� , �18�

we can develop the expression �16� further. Indeed, by
changing the integration variable from R to T=r−R in that
expression and by using Eq. �18�, we get
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WU�r� =
2�

��
� sinc���
r − T
� exp�− ��
r − T
�W��
T
�d3T

=
2�

����
�

0

�

T2W��T��
0

2� �
0

�

Im�sin �
exp�i�	r2 + T2 − 2rT cos ��

	r2 + T2 − 2rT cos �
d�d�dT ,

�19�

where � is the angle between the vectors r and T, and we
have made use of the expansion 
r−T
=	r2+T2−2rT cos �.
Since the integrand is everywhere regular, we arrive, after
straightforward angular integrations and by changing T to R,
at the expression

WU�r� =
4�2

����
�

0

�

R2W��R� �
Im� 1

i�rR
�

0

�

exp�i�	r2 + R2 − 2rR cos ��dR

=
4�2

����
�

0

�

R2W��R� Im� 1

i�r�r


�exp�i��r
 + r��� − exp�i��r
 − r����dR

=
8�2

����
�

0

�

R2W��R�Re��j0��r��h0
�1���r
��dR , �20�

where r�=min�r ,R�, r
=max�r ,R�, and we have used the
definitions j0�z�=sin�z� /z and h0

�1��z�=exp�iz� / �iz� �see equa-
tions �10.1.11� and �10.1.12� in Ref. �12��. Equation �20�
describes the general form of the cross-spectral density func-
tion of a field produced by a statistically homogeneous and
isotropic source distribution.

III. DEGREE OF COHERENCE IN ABSORBING MEDIA

For statistically homogeneous systems, the �spectral� de-
gree of coherence as given by Eq. �5�, assumes the form

�F�r� =
WF�r�
WF�0�

. �21�

On introducing Eq. �20� into this definition, we obtain for the
degree of coherence of the field in a lossy ���
0�, statisti-
cally homogeneous, and isotropic system, the general expres-
sion

�U�r� =
WU�r�
WU�0�

=

�
0

�

R2W��R� Re��j0��r��h0
�1���r
��dR

�
0

�

R2W��R� Re��h0
�1���R��dR

,

0 � �� � � , �22�

where we have used the fact that j0�0�=1.
It is of interest to note that if the denominator in Eq. �22�

vanishes, i.e., if WU�0�=0, it follows from the bound �8� that

WU�r�=0 and, hence, Eq. �10� yields W��r�=0. Thereby, Eq.
�22� is valid whenever W� is not the null function, in other
words, whenever there is, on the average, a source present in
the system.

A. Asymptotically small losses in statistically homogeneous
and isotropic systems

Let us now investigate the behavior of �U in statistically
homogeneous and isotropic systems with asymptotically
small losses. Then ��→0+, so that by introducing the rela-
tion �18� into Eq. �16�, we obtain

��WU�r�

� 2� lim
��→0+

� sinc���
R
� exp�− ��
R
�W��
r − R
�d3R

= 2�� sinc���
R
�W��
r − R
�d3R

= 8�2j0���r��
0

�

R2W��R�j0���R�dR,

�� → 0+, unif. r , �23�

where the uniform convergence of the first integral to the
second integral with ��→0+ is proven in Appendix C 1. The
last equality corresponds to the development in Eqs. �19� and
�20� with ��=0 everywhere except in the denominators ����,
which are taken to be nonzero.

On introducing Eq. �23� into Eq. �21�, we obtain for the
degree of coherence of the field the expression

�U�r� =
��WU�r�/�8�2�
��WU�0�/�8�2�

�

j0���r��
0

�

R2W��R�j0���R�dR

�
0

�

R2W��R�j0���R�dR

= sinc���r�, �� → 0+, unif. r , �24�

where we have used the fact that j0�z�=sinc�z�. This expres-
sion is the universal form of the �spectral� degree of coher-
ence of fields generated by statistically homogeneous and
isotropic sources in low-loss media �2,4,5�. It must, however,
be emphasized, as in Ref. �2�, that this result is only valid
when

�
0

�

R2W��R�j0���R�dR � 0. �25�

This requirement together with the bound �8� and the uni-
form convergence in Eq. �23� can be used to prove the uni-
form convergence in Eq. �24�. Hence, that expression is uni-
formly convergent whenever its denominator does not
vanish.

Equation �22� is valid for all cross-spectral density func-
tions W� under consideration, but its limiting form �24� is
valid only when the restriction �25� holds. This fact, together
with the fact that the restriction is not robust against small
perturbations, suggests that the behavior of �U when ��
→0+ is extremely sensitive to the exact functional form of
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W�. In order to understand this phenomenon better, it is use-
ful to consider the asymptotic expression �23� in terms of the
Fourier-space representation of the solution �16�, as given by
Eq. �B2� in Appendix B. Accordingly, setting t=1/��, we
can compute

lim
��→0+

��WU�r�

= 16�2 lim
��→0+

� ��


k2 − �2
2
Ŵ��k� exp�ik · r�d3k

= �2��3 lim
t→�

� t

�
� 1

1 + t2�k − ���2 −
1

1 + t2�k + ���2�


1

2��k
Ŵ��k� exp�ik · r�d3k

=
4�3

��2 � ��k − ���Ŵ��k� exp�ik · r�d3k , �26�

where the last step follows, since Ŵ� is continuous �see Ap-
pendix B�, from a definition of the � function �see equations
�8.110� and �8.115� in Ref. �13�� and by taking into account
that k+��
0. Because the relation �18� for statistically iso-

tropic sources implies that Ŵ��k�=Ŵ��
k
� �cf. “radial func-
tions” in Ref. �11��, the peaked shape of the function
�� / 
k2−�2
2 suggests that the universal form �24� is observed
when most of the contribution to WU�r� is from a neighbor-

hood around k=��, where Ŵ��k� is essentially constant.

Thereby, both the amplitude of Ŵ��k� at k=�� with respect
to its amplitude at all other k, as well as its detailed structure
around k=��, strongly influence the convergence to the uni-
versal form. This explains why the convergence is sensitive
to the functional form of W�. Finally, a comparison of Eqs.
�23� and �26� shows that the restriction �25� is equivalent to

Ŵ����� � 0 �27�

�compare this inequality and the inequality �25� to Eqs. �10�
and �9� of Ref. �2��. Since actual physical systems are noisy,
the above restriction is seen to be satisfied almost surely and,
hence, these restrictions are mostly of mathematical interest.

B. Asymptotically large losses
in statistically homogeneous systems

We next consider fields generated by statistically homo-
geneous sources that are not necessarily isotropic. The cross-
spectral density function WU of such a field is given by Eq.
�16�. By changing the integration variable in that representa-
tion from R to T=��R, so that d3R=d3T /��3, we obtain

WU�r� =
2�

��4 � sinc���T/��� exp�− T�W��r − T/���d3T .

�28�

Because W� is absolutely integrable and continuous, and
since W��0��� �W� bounded�, the integral above converges
uniformly to the integral of the limit of its integrand when
��→�. This result, which is proven in Appendix C 2, allows
us to compute

lim
��→�

��4WU�r� = 2�� sinc�0� exp�− T�W��r − 0�d3T

= 8�2W��r��
0

�

T2 exp�− T�dT

= 16�2W��r�, unif. r , �29�

where we have used the fact that the last integral equals
��3�=2 �see equation �6.1.1� in Ref. �12��. This result im-
plies that

WU�r� � 16�2W��r�
1

��4 , �� → �, unif. r . �30�

Hence the cross-spectral density function of the field is as-
ymptotically proportional to the cross-spectral density func-
tion of the source, when the losses become infinite.

When we introduce the result �30� into the definition �21�,
we arrive at

�U�r� =
WU�r�
WU�0�

�
16�2W��r�/��4

16�2W��0�/��4 =
W��r�
W��0�

= ���r�,

�� → �, unif. r , �31�

where the uniform convergence can be proven, for example,
by using the uniform convergence in Eq. �30� together with
the bound �8�. Equation �31� implies that the degree of co-
herence of a field produced by a statistically homogeneous
source converges uniformly to the degree of coherence of the
source, when the losses become asymptotically large. This is,
of course, what one might also intuitively expect.

IV. SPECIFIC EXAMPLES

A. Sources with a Gaussian cross-spectral density function

Next we consider a homogeneous and isotropic source
with a Gaussian cross-spectral density function, given by

W��R� = exp�− 
R
2/�2� , �32�

where 2� is the 1/e width of the Gaussian. When we intro-
duce this cross-spectral density function into the expression
�16�, we obtain

WU�r� =
2�

����
� sin���
R
� exp���
R
�


R

exp�− 
r − R
2/�2�d3R

=
4�2

����
Im��

0

�

R exp�i�R��
0

�

sin �

exp�− �r2 + R2 − 2rR cos ��/�2�d�dR
=

2�2�2

����r
exp�− r2/�2�

Im��
0

�

exp��i� + 2r/�2�R − R2/�2�dR

− �
0

�

exp��i� − 2r/�2�R − R2/�2�dR , �33�
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where we have used the expansion 
r−R
2=r2+R2

−2rR cos �. The above equation can be developed further if
we use the relation

�
0

�

exp�bz − az2�dz =
1

2
	�

a
exp� b2

4a
� erfc�−

b

2	a
�,

a 
 0, �34�

which can be obtained by completing the square and by us-
ing the definition of the complementary error function erfc�z�
�see, for example, equation �7.1.2� in Ref. �12��. With this
relation, we get from Eq. �33�, after straightforward manipu-
lations, the expression

WU�r� =
�2	��3

����r
Im�exp�− �2�2/4�

�exp�i�r� erfc�− i��/2 − r/��

− exp�− i�r� erfc�− i��/2 + r/���� . �35�

Using the Taylor expansions of exp�z� and erfc�z�, we have,
in particular,

WU�0� =
2�2	��3

����
Im�i� exp�− �2�2/4� erfc�− i��/2�� ,

�36�

whereby, we obtain from Eq. �21� the expression

�U�r� =
Im�exp�− �2�2/4��exp�i�r� erfc�− i��/2 − r/�� − exp�− i�r� erfc�− i��/2 + r/����

2 Im�i� exp�− �2�2/4� erfc�− i��/2��r
�37�

for the degree of coherence of the field driven by a source
with a Gaussian cross-spectral density function of the form
�32�.

The graphs in Fig. 1 display the behavior of the degree of
coherence, given by Eq. �37�, as a function of the normalized
separation r /� and the ratio �� /��. These plots correspond to
the cases ��� /2=3 and ��� /2=1/3, respectively, where
��� /2 is roughly the ratio of the width of exp�−r2 /�2� to the
width of the main lobe of sinc���r�. We note from the figures
that the limit of asymptotically small losses, as described by
Eq. �24�, is attained when ���10−5�� in the first case and
���10−3�� in the second case. On the other hand, the degree
of coherence has converged to its limit at asymptotically
large losses, given by Eq. �31�, when ���5�� and ��
�10��, respectively. This example, therefore, confirms the
validity of the limiting expressions and also shows that the
rates of convergence are slightly affected by the width of the
Gaussian, that is, the functional form of W�.

B. Sources with a “damped-sinc” cross-spectral
density function

In our second example, we consider fields generated by
statistically homogeneous and isotropic sources that have a
cross-spectral density function of the form

W��R� = sinc���R� exp�− ��R�

=
1

i2��R
�exp�i�R� − exp�− i�*R�� , �38�

where �=��+ i��, and ��
0. When we introduce this func-
tion into the middle part of Eq. �20�, we obtain after perform-
ing the straightforward integrations �since �� ,��
0 the up-
per limits � in the integrals do not contribute� the result

WU�r� =
16�2

��

1


� + �
2
�2 − �*2
2

�
� + �
2��� sinc���r� exp�− ��r�

+ �� sinc���r� exp�− ��r��

+ 4����Im���* + �*� sinc�� − �

2
r�

exp�i
� + �

2
r�� . �39�

From this we can compute

WU�0� =
16�2

��

1


� + �
2
�2 − �*2
2
��� + ���
� + �*
2,

�40�

so that the degree of coherence, as given by Eq. �21�, be-
comes

�U�r� = � � + �

� + �*�2� ��

�� + ��
sinc���r� exp�− ��r�

+
��

�� + ��
sinc���r� exp�− ��r��

+ 4
	����

�� + ��
Im�	������* + �*�


� + �*
2

sinc�� − �

2
r� exp�i

� + �

2
r� . �41�

When �� and �� are sufficiently small with respect to both ��
and ��, this expression has the asymptotic representation
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�U�r� �
��

�� + ��
sinc���r� exp�− ��r�

+
��

�� + ��
sinc���r� exp�− ��r�, ��,�� → 0+.

�42�

Since the function sinc���r� exp�−��r� deviates only slightly
from the universal form �24� for any r, when �� /���1, the
above result implies that only the ratio �� /�� determines
whether the degree of coherence is at its universal form or
not. In fact, the universal form of �U is obtained in the limit
�� /��→�, whereas in the limit �� /��→0+ the function �U
converges to ��.

The degree of coherence given by Eq. �41�, with �� /��
=3 and �� /��=10−16, is plotted in Fig. 2 as a function of the
normalized radial separation r /� and the ratio �� /��. The
values of the parameters used in the graphs imply that the
figure corresponds to the asymptotic form �42�. We note that
when the parameter �� increases, the degree of coherence of
the field converges toward the universal form as expected.

Also, when the parameter decreases, the degree of coherence
converges to the degree of coherence of the source. Hence,
this example shows that a fixed �and small, with respect to
��� �� can represent both asymptotically large losses as well
as asymptotically small losses. Thereby the criterium ��
��� �used, for example, in Ref. �4�� is not sufficient for �U
to exhibit its universal form �24�.

V. DISCUSSION AND SUMMARY

In radiation by statistically homogeneous and isotropic
scalar source distributions, the asymptotic limit of no losses
has been studied and explained elsewhere �2,4�, but it is use-
ful to recall that the universal form of the degree of coher-
ence of the field follows, since in a lossless system each
spherical shell of sources around an observation point con-
tributes equally to the field at that point. This means that the
local features of the field are washed out; whereby, the co-
herence properties of the field are determined only by the
contributions of sources lying infinitely far away. Thus, un-
less the source distribution has an infinite coherence length,
the distant source points are effectively incoherent when
viewed from the observation point. Indeed, it has been
shown �3� that the degree of coherence of a field which con-
sists of a uniform and uncorrelated ensemble of �propagat-
ing� plane waves has exactly the universal form of Eq. �24�.
Accordingly, since the degree of coherence of fields which
are generated by source distributions that violate the require-
ment �27�, or equivalently the requirement �25�, is generally
not of the universal form, it follows that the above interpre-
tation is not valid for such fields. We return to this point
below.

Little attention has hitherto been given to the way in
which the degree of field coherence approaches its limit
when the losses become vanishingly small. In the consider-
ations of Sec. III A, we showed that the convergence is uni-
form in r, but of even greater interest is the question of how
small the loss, or ��, has to be before the universal character
�24� is observed. We argued that the threshold of �� for this
to occur is sensitive to the functional form of the cross-

FIG. 1. Degree of coherence �U�r� as given by Eq. �37�, when
�a� ��� /2=3 and �b� ��� /2=1/3.

FIG. 2. Degree of coherence �U�r� as given by Eq. �41�, when
�� /��=3 and �� /��=10−16.
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spectral density function of the source, W�, a fact evidenced
by the example in Sec. IV B. That example also shows that it
is, in fact, impossible to define a nonzero threshold in such a
way that any smaller loss would guarantee that the degree of
coherence has converged to its universal form. This leads us
to conclude that “negligible losses” is an ill-defined concept,
unless it is accompanied by restrictions to the cross-spectral
density function of the source, for example based on physical
arguments.

Furthermore, the damped-sinc example shows that for
sufficiently small �� and ��, the degree of coherence of the
field effectively equals sinc���r� for any ��
0 and ��, when
�����. This result implies that irrespective of how small the
losses in the system are, as long as they are nonzero, the
coherence length of the field, which is of the order of 2� /��
�cf. 2� /��=� and Ref. �1��, can be made arbitrarily short.
Since completely lossless systems are predominantly math-
ematical constructs, the coherence length in actual, practi-
cally lossless systems, thereby, is not bound from below. In
particular, it is independent of the wavelength �.

We note that by setting �=�, the representations �14� and
�17� imply that the damped-sinc source of Eq. �38� has the

Fourier transform Ŵ��k�=�−2�� / 
k2−�2
2. When �� is small,
so that the discussion following Eq. �26� suggests that such a

Ŵ� is peaked around k=��, and when �����, it follows that

Ŵ����� is small. Hence the restriction �27� is nearly violated,
so that, as mentioned in the physical explanation of lossless
systems, the effect of the source distribution on the field
cannot be described in terms of uncorrelated sources lying
infinitely far from the observation point�s�. Indeed, the expo-
nential dampening of the field caused by nonzero losses im-
plies that the contribution of each spherical shell of sources
around an observation point to the field at that point de-
creases with the distance. Thereby, the local features are not
�completely� washed out, and thus, the nonuniversal degree
of coherence of the field is an effect which can be attributed
to the interaction of fields from different mutually partially
correlated source points. This suggests that the short coher-
ence length in the damped-sinc example for small �� follows
from the system being in a state, in which the loss and the
source cross-spectral density are carefully balanced. In fact,
this balance is precisely what the parameters �� and �� of
that example control.

It is important to distinguish the above situation, which
can occur for any ��
0, from the situation in which �� is
large and the limit �31� suggests that the degree of coher-
ence, and hence the coherence length of the field, become
that of the source. This latter situation occurs since the ef-
fective range of influence of the source on the field is de-
creased by the increase of the loss in the system, whereby the
field realizations U�r ,�� must essentially be constant mul-
tiples of the corresponding source realizations ��r ,�� �cf.
Eq. �3��. Finally, we point out that both in this case and in the
damped-sinc example, the coherence properties of the field
are constant in all space. In particular, this means that short
coherence lengths in these cases are not surface or boundary
effects, in contrast to, for example, the shortness of the co-
herence length reported in Ref. �14� �see also the discussion
in Ref. �4��.

To summarize, in this paper we have rigorously derived
the general expression �21� of the degree of coherence in
statistically homogeneous and lossy systems and studied its
limits for completely lossless and completely lossy systems.
Our results concerning the universal character of the degree
of coherence of the field for asymptotically lossless systems
are consistent with previous derivations �2,4�. In addition,
our results show that for asymptotically lossy systems, the
degree of coherence of the field converges to the degree of
coherence of the source. We considered these results in the
context of Gaussian and damped-sinc correlated sources. In
the latter case, we observed that the field can, in fact, have an
arbitrarily short coherence length in almost lossless systems.
Finally, we note that although our treatment is based on sca-
lar theory, it should be straightforward to extend the results
to the complete vectorial description of electromagnetic
fields �compare, for example, Refs. �4� and �5��.

ACKNOWLEDGMENTS

T. S. acknowledges the Academy of Finland and A. T. F.
acknowledges the Swedish Research Council for financial
support.

APPENDIX A: PROPERTIES OF THE FUNCTIONS
g AND ĝ OF EQS. (14) and (17)

Using the latter part of Eq. �17� to define the function g,
we can compute

� 
g�r�
d3r =
�2

��
� 
sinc���r�
 exp�− ��r�d3r

	
4�3

��4 �
0

�

z2 exp�− z�dz = �2��3 1

��4 � � , �A1�

where we have used the facts that ��
0 by assumption and
that 
sinc�z�
	1 for real z. The above result implies that the
function g is absolutely integrable. Thereby, its Fourier trans-
form is well defined and given by �11�

1

�2��3 � g�r� exp�− ik · r�d3r

=
1

8���
�

0

2�

d��
0

�

r2sin���r�
��r

exp�− ��r�

�
0

�

sin � exp�ikr cos ��d�dr

=
1

4����k
Re��

0

�

�exp�i�� − k�r� − exp�i�� + k�r��dr
=

1

2����
Re�1

i

1

k2 − �2 =
1


k2 − �2
2
= ĝ�k� , �A2�

where the last step follows from the definition �14� of the
function ĝ. From the second part of Eq. �17�, it is clear that
the function g is continuous; hence, the inverse Fourier-
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transform relation given in the first part of that equation is
valid everywhere �11�.

APPENDIX B: PROOF THAT THE FORMAL SOLUTION
(16) IS VALID FOR ABSOLUTELY INTEGRABLE

AND CONTINUOUS FUNCTIONS W� WITH W�„0…��

Here we assume that the cross-spectral density �covari-
ance� function W�, as defined by Eqs. �1� and �7�, is an
absolutely integrable, continuous function with W��0���.
Since we have the bound �8�, it is clear that the last condition
is equivalent to the function W� being bounded. These prop-
erties of the function W� ensure that the Fourier-transform
pair given by Eqs. �11� and �12� is valid everywhere for both

W� and Ŵ� �11�.
Let us now define the function WU by Eq. �16�. Since both

g and W� are absolutely integrable functions, it follows that
so is WU. Furthermore, we can then compute


WU�r + d� − WU�r�


=
2

�
�� g�R��W��r + d − R� − W��r − R��d3R�

	
2

�
� 
g�r − T�

W��T + d� − W��T�
d3T

	
2�

�� ��B�0,T0�

W��T + d� − W��T�
d3T

+ 2�
B�0,T0 − d0�C


W��T�
d3T� , �B1�

where B�r0 ,R� denotes an open ball centered at r0 with ra-
dius R. The first inequality follows from the triangle inequal-
ity and by setting T=r−R. The second inequality in turn
results when, to begin with, the integration over all space is
split into an integration over the closed ball B�0 ,T0� and an
integration over its complement B�0 ,T0�C. Following that,
the latter integral is overestimated by using the triangle in-
equality and by overestimating the integration region by
B�0 ,T0−d0�C, where it is assumed that d�d0 for some fixed
d0��. This facilitates a combination of the two terms ob-
tained from the triangle inequality. Finally, both integrals are
overestimated by using the bound 
g�r�
	�2 /��, which fol-
lows from Eq. �17�. Because the function W� is absolutely
integrable, we can make the latter integral in the last expres-
sion of Eq. �B1� arbitrarily small by choosing the radius T0
� �d0 ,�� sufficiently large. After that, since B�0 ,T0� is a
compact region and since W� is continuous, we can in turn
make the first integral arbitrary small by choosing a suffi-
ciently small d� �0,d0�. Hence, Eq. �B1� shows that the
function WU is continuous. As WU is also absolutely inte-
grable, it follows that the Fourier-transform pair of Eqs. �11�
and �12� is valid everywhere for both WU and ŴU �11�. Thus,
we may introduce the solution, given by Eqs. �14� and �15�,
into the inverse transform relation �11� to obtain the repre-
sentation

WU�r� =� 16�2 1


k2 − �2
2
Ŵ��k� exp�ik · r�d3k . �B2�

Since both g and W� are absolutely integrable and bounded,
this expression agrees everywhere with the solution �16� �11�
and, therefore, can be used to prove the validity of that so-
lution.

As Ŵ� is the Fourier transform of an absolutely integrable
function W�, it is continuous �15�. Since the function W� is
related to a covariance function by the representation �7�, it
is positive definite �see Secs. 51 and 54 in Ref. �10�� and
Hermitian in the sense that W�

*�−r�=W��r�. Thereby, its
boundedness implies that it, in particular, is a “positive-
definite function” in the terminology of Ref. �15�. The in-
equality following the inequality �8.24� on page 327 of that

reference then suggests that Ŵ��k��0 for all k, so that spe-
cifically we have

� 
Ŵ��k�
d3k =� Ŵ��k�d3k = W��0� � � , �B3�

which shows that Ŵ� is absolutely integrable. The last equal-
ity follows from Eq. �11�. On the other hand, since ��
0,
the functions kq / 
k2−�2
2 are continuous when k
0. Be-
cause these functions also remain bounded at k=0 and k
=� when 0	q	4, it follows that there exist finite upper
bounds Cq��, such that

kq


k2 − �2
2
	 Cq, 0 	 q 	 4, k � 0. �B4�

We then consider the integral

� �l+m+n

�r1
l � r2

m � r3
n

1


k2 − �2
2
Ŵ��k� exp�ik · r�d3k

=� �− ik1�l�− ik2�m�− ik3�n 1


k2 − �2
2
Ŵ��k� exp�ik · r�d3k ,

�B5�

where r= �r1 ,r2 ,r3�, k= �k1 ,k2 ,k3�, and l ,m ,n�0 and l+m
+n	4. Using the bounds �B3� and �B4�, we can compute the
estimate

��
B�0,K�C

�l+m+n

�r1
l � r2

m � r3
n

1


k2 − �2
2
Ŵ��k� exp�ik · r�d3k�

	 �
B�0,K�C

k�l+m+n�


k2 − �2
2

Ŵ��k�
d3k

	 Cl+m+n�
B�0,K�C


Ŵ��k�
d3k →
K→�

0, �B6�

which shows �see Sec. 13.15 in Ref. �16�� that the integral in
Eq. �B5� is uniformly convergent with respect to r. Since, in
addition, the integrand of that integral is continuous for all k
and r, it follows that the order of integration and differentia-
tion may be exchanged �see Sec. 13.15 in Ref. �16��, when
the latter operation is at most of order 4. In particular, the
representation �B2� then yields

BLOMSTEDT, SETÄLÄ, AND FRIBERG PHYSICAL REVIEW E 72, 056604 �2005�

056604-8



��2 + �*2���2 + �2�WU�r�

=� 16�2 �− k2 + �*2��− k2 + �2�

k2 − �2
2

Ŵ��k�exp�ik · r�d3k

= 16�2� Ŵ��k�exp�ik · r�d3k = 16�2W��r� . �B7�

This result shows that the function WU, as given by Eq. �16�,
is the solution to the differential equation �10�, when the
cross-spectral density function W�, as defined by Eqs. �1� and
�7�, is a bounded, absolutely integrable, continuous function.

APPENDIX C: PROOFS OF UNIFORM CONVERGENCE

1. Integrand in Eq. (23)

Let us investigate how the integral in Eq. �23� behaves as
��→0+. Since W� is assumed continuous, it follows that the
integrand is continuous, and hence, we have the estimate

�� sinc���
R
� exp�− ��
R
�W��
r − R
�d3R

−� sinc���
R
�W��
r − R
�d3R�
	 W��0��

B�0,R0�
�1 − exp�− ��
R
��d3R

+ 2�
B�0,R0�C

�W��
r − R
���sinc���
R
��d3R

	
4

3
�R0

3W��0��1 − exp�− ��R0�� +
2

��R0
� �W��
R
��d3R .

�C1�

Here the first inequality follows from the bound �8� as well
as the bounds �exp�−��
R
��	1 and �sinc���
R
��	1. The
second inequality in turn follows when the integrand in the
first term and the integral in the second term of the preceding
expression are overestimated. For that purpose, we have ap-
plied the bound �sinc���
R
��	1/ ���R�. As W� is absolutely
integrable, the second term in the last expression in Eq. �C1�
is finite for R0
0 and can be made arbitrarily small by
choosing R0�� sufficiently large. After that, since W��0�
��, the first term can be made arbitrarily small by choosing
��
0 sufficiently small. Thereby, the left-hand side of Eq.
�C1� can be made arbitrarily small for every r by choosing
��
0 sufficiently small. This shows that the integral in Eq.
�23� converges uniformly �with respect to r� to the integral
of the limit of its integrand when ��→0+.

2. Integrand in Eq. (28)

Let us assume, as before, that the cross-spectral density
function W�, given by Eqs. �1� and �7�, is absolutely inte-
grable and continuous, with W��0���. From the consider-
ations in Appendix B, it thus follows that W� is defined ev-
erywhere as the �inverse� Fourier transform �11� of an

absolutely integrable function Ŵ�. Thereby, it has the limit
�11�

lim
r→�

W��r� = 0. �C2�

On the other hand, the continuity of W� implies that the
integrand in Eq. �28� is continuous, and we can investigate
the convergence of the corresponding integral when ��→�
by considering the estimate

�� sinc���T/��� exp�− T�W��r − T/���d3T −� exp�− T�W��r�d3T�
	 2�

B�0,T0�C
�
sinc���T/���W��r − T/���
 + 
W��r�
� exp�− T�d3T + �

B�0,T0�

sinc���T/���W��r − T/��� − W��r�
exp�− T�d3T

	 2�
B�0,T0�C

exp�− T�d3TW��0� + �8� maxT	T0
�
W��r − T/���
 + 
W��r�
�, r 
 r0,

8� maxT	T0
�
sinc���T/���W��r − T/��� − W��r�
�, r 	 r0, �C3�

where we have used the bound �8� and the fact that
�exp�−T�d3T=4��T2exp�−T�dT=8� �cf. equation �6.1.1� in
Ref. �12��. This expression implies that the first term on the
right-hand side can be made arbitrarily small by choosing
T0�� sufficiently large. After that, in view of the limiting
behavior �C2� and since we may here assume ��
�0� for
some �0�
0, we note that once T0 is fixed, the case r
r0 in
the second term can be made arbitrarily small by choosing
r0�� sufficiently large. Finally, since the function

sinc���T /���W��r−T /��� is continuous, it is uniformly con-
tinuous in the compact region defined by T	T0 and r	r0.
Thereby, once T0 and r0 are fixed, we can make the case r
	r0 in the second term arbitrary small by choosing ����
sufficiently large. Hence, the expression on the left-hand side
of Eq. �C3� can be made arbitrarily small for all r by choos-
ing a sufficiently large ����. This proves that the integral in
Eq. �28� is uniformly convergent �with respect to r� to the
integral of the limit of its integrand when ��→�.
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